Stimulated by the category theorems of Eisner and Serény in the setting of unitary and isometric C0-semigroups on separable Hilbert spaces, we prove Category theorems for Schrödinger semigroups. Specifically, we show that, to a given class of Schrödinger semigroups, Baire generically the semigroups are stable but not exponentially stable.
Introduction
A central question in the theory of differential equations refers to the asymptotic behaviour of their solutions; for instance, whether they reach an equilibrium and, if so, with which speed. This kind of question is addressed by the asymptotic theory of C 0 -semigroups. More specifically, here we consider the theory of stability for solutions of the abstract Cauchy problem on a Hilbert space H, that is,   ẋ (t) = Ax(t), t ≥ 0,
where A is the generator of a C 0 -semigroup (T (t)) t≥0 on H.
We denote the resolvent set of A by ̺(A), that is, the set of all λ ∈ C for which the resolvent operator of A at λ,
R(λ, A) : H −→ D(A), R(λ, A) := (λI
exists and is bounded. The spectrum of A is denoted by σ(A) = C\ρ(A).
We recall that a C 0 -semigroup (T (t)) t≥0 on H is said to be bounded if there exists a constant C > 0 so that, for each t ≥ 0, T (t) B(H) ≤ C; if C = 1, then it is called a C 0 -semigroup of contractions.
We also recall that (T (t)) t≥0 is (strongly) stable if, for every x ∈ H, lim t→∞ T (t)x H = 0;
(T (t)) t≥0 is exponentially stable if there exist constants C > 0 and a > 0 such that, for every t ≥ 0, T (t) B(H) ≤ C e −ta .
Stability and spectrum
Over the three last decades, the asymptotic theory of C 0 -semigroups on Hilbert spaces had a fast development, with the solution of a large number of long-standing open problems.
Among such problems, one can highlight the characterization of exponential stability for C 0 -semigroups of contractions on Hilbert spaces, which has been proven independently by
Herbst [7] , Howland [8] and Prüss [10] , often easier to compute than the semigroup, this result has been used to obtain numerous applications to PDEs. In this context, we refer to [2, 5, 11, 15] , among others. We also mention the papers [3, 4, 12] for modern results and additional comments about asymptotic theory of C 0 -semigroups.
We note that this relation between properties of the resolvent of the generator and decaying rates of the semigroup established by Theorem 1.1 can be reformulated in the case that A is a negative self-adjoint operator (see Corollary 1.1 bellow).
It follows from the Spectral Theorem that every negative self-adjoint operator A in a Hilbert space H generates a self-adjoint C 0 -semigroup of contractions
where E A is the resolution of the identity of A. It is well known that every self-adjoint C 0 -semigroup of contractions is of this form [13] .
Note that it is always true that [9] , in this case, 
Main results
Fix a > 0 and consider the family of negative Schrödinger operators
Denote by X ν a the set of these operators endowed with the metric
where V − U j := sup
a is (by the Tychonoff's Theorem) a compact metric space such that metric convergence implies strong resolvent convergence (see Definition 2.2 ahead). Namely, if
, by the second resolvent identity and dominated convergence,
We shall prove the following result.
It is natural to investigate the asymptotic behaviour of the orbits of the semigroups generated by the operators in the typical set in Theorem 1.2. The next result, which is a particular case of Theorem 1.3 in [1] , says something in this direction. Suppose that (e tA ) t≥0 is stable but is not exponential stable. Then,
is a dense G δ set in H. Moreover, the assumption on β is optimal, that is, β cannot grow faster than sub-exponentially. 
have decaying rates depending on subsequences of time going to infinity. Hence, for every X ν a , the dynamics is typically (from the topological viewpoint) nontrivial.
In this work, we are also particularly interested in using Theorem 1.2 to say something about the local scale spectral properties of this class of Schrödinger semigroups. denotes the norm in B(H) and · H denotes the norm in H.
Proof of Theorem 1.2
Some preparation is required in order to present the proof of Theorem 1.2. Now we present precise definitions of a sequence of (unbounded) negative self-adjoint operators (A n ) approaching another one A.
Definition 2.2. Let (A n ) be a sequence of negative self-adjoint operators, that is, A n ≤ 0, and let A be another negative self-adjoint operator. One says that:
i) A n converges to A in the strong resolvent sense (SR) if R(i, A n ) strongly converges to
R(i, A).
ii) A n converges to A in the strong dynamical sense (SD) if, for each t ≥ 0, e tAn strongly converges to e tA .
The next result shows that both notions of convergence are equivalent. 
Then, {A ∈ X | (e tA ) t≥0 is stable but not exponentially stable} is a dense G δ set in X.
Proof. To prove Proposition 2.2, it is enough to show that i) E := {A ∈ X | (e tA ) t≥0 is exponentially stable} is meager in X,
Firstly, let us show that E is an F σ set in X. It follows from Proposition 2.1 that each section of the mapping
is continuous. Thus, for each n ≥ 1, the mapping
is lower semicontinuous, from which it follows that, for each n ≥ 1, the set
is closed.
Since the inclusion ∪ n≥1 F n ⊂ E is immediate, we just need to prove that E ⊂ ∪ n≥1 F n . Let A ∈ E; then, by Corollary 1.1, one has that a := − sup σ(A) > 0. Nevertheless, sup t≥0 e ta e tA B(H) ≤ 1, from which it follows that A ∈ ∪ n≥1 F n . Thus, E is an F σ in X. Now, since {A ∈ X | 0 ∈ σ(A)} is dense in X, it follows from Corollary 1.1 that E c is dense in X; therefore, E is meager in X and i) is proven.
It remains to prove ii). By the previous arguments, given x ∈ H, for each k ≥ 1 and
is open, hence
Finally, let ∪ k≥1 {x k } be a dense subset in H (which is separable). Then,
Namely, the inclusion Y ⊂ k≥1 Y x k is obvious, and the reciprocal one follows from the fact that, for each A ∈ k≥1 Y x k and each x ∈ H, by Moore-Osgood Theorem,
Thus, by Baire's Theorem, Y is a dense G δ set in X and ii) is proven.
Proof (Theorem 1.2). By Proposition 2.2, we just need to show that, for every a > 0 and
Let H V ∈ X ν a and define, for each k ≥ 1, V k := χ B(0,k) V . Then, by Weyl's criterion (Corollary 11.3.6 in [9] ), the essential spectrum of H V k is given by σ ess (H V k ) = (−∞, 0];
It is clear that, for each
3 Proof of Theorem 1.4
In order to prove Theorem 1.4, we need the following corollary, a direct consequence of 
Proof (Theorem 1.4) . Since, by Proposition 3.1,
it follows from the arguments presented in the proof of Proposition 2.2 that, for every
is stable but not exponentially stable}.
It follows from Theorem 1.2 that C ν a is a dense G δ set in X ν a . Let ∪ k≥1 (H k ) be an enumerable dense subset of C ν a (which is separable, since X ν a is separable). So, by Corollary 3.1, Example 3.1. Let A be a negative self-adjoint operator. Then, for u ∈ rng A, d
Example 3.1 can be seen as a statement from the fact that every spectral measure associated with every vector of the range of a negative self-adjoint operator has a certain local regularity with respect to the Lebesgue measure. We note that this is a direct consequence of Propositions 1.1 and 3.1.
Proposition 3.1. Let A be a negative self-adjoint operator. Then, for u ∈ rng A and every x ∈ A −1 {u}, one has, for each t > 0,
Proof. Let x ∈ A −1 {u}. Then, by the Spectral Theorem, for each t > 0, is exponentially stable. Actually, e tA B(H) = O(e −ta ), which implies that, for each
x ∈ H, e tA x H = O(e −ta ). Proposition 3.1 presents more information about the decay of e tA u H in case u ∈ rng(A + a1), since, in this case, it shows that there exists C u > 0, depending only on u, such that, for every t > 0, e tA u H ≤ C u e −ta t .
Namely, let t ∈ R and v ∈ H; then, 
